
MA 552, Spring 2011

Assignment 1.

This assignment is due February 14th. If you need more time, ask for an exten-
sion (just don’t get overwhelmed by homeworks piling up.)

Collaboration is welcome. If you do collaborate, make sure to write/type your
own paper.

(1) If

A =
⎛
⎜
⎝

6 −4 0
4 −2 0
−1 0 3

⎞
⎟
⎠

find all solutions of AX = 2X and all solutions of AX = 3X. (The symbol
cX denotes the column each entry of which is c times the corresponding
entry of X.)

(2) Find a row-reduced matrix which is row-equivalent to

A =
⎛
⎜
⎝

i −(1 + i) 0
1 −2 1
1 2i −1

⎞
⎟
⎠

(3) Prove that the following two matrices are not row-equivalent:

⎛
⎜
⎝

2 0 0
a −1 0
b c 3

⎞
⎟
⎠
,

⎛
⎜
⎝

1 1 2
−2 0 −1
1 3 5

⎞
⎟
⎠

(4) Give an example of a system of two linear equations in two unknowns which
has no solution.

(5) Let

A =
⎛
⎜⎜⎜
⎝

3 −6 2 −1
−2 4 1 3
0 0 1 1
1 −2 1 0

⎞
⎟⎟⎟
⎠
.

For which columns (y1, y2, y3, y4) does the system AX = Y have a solution?

(6) If C is field of complex numbers, which vectors in C3 are linear combinations
of (1,0,−1), (0,1,1), and (1,1,1)?

(7) Let V be the set of all pairs (x, y) of real numbers, and let F be the field
of real numbers. Define

(x, y) + (x1, y1) = (x + x1, y + y1),

c(x, y) = (cx, y).
Is V , with these operations, a vector space over the field of real numbers?

— see next page —
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(8) On Rn, define two operations

α⊕ β = α − β,

c⊙ α = −cα.
The operations on the right are the usual ones. Which of axioms for a
vector space are satisfied by (Rn,R,⊕,⊙)?

(9) Let V be the set of pairs (x, y) of real numbers and let F be the field of
real numbers. Define

(x, y) + (x1, y1) = (x + x1,0),
c(x, y) = (cx,0).

Is V , with these operations, a vector space?

(10) Which of the following sets of vectors α = (a1, a2, . . . , an) in Rn are sub-
spaces of Rn (n ≥ 3)?
(a) all α such that a1 ≥ 0;
(b) all α such that a1 + 3a2 = a3;
(c) all α such that a2 = a21;
(d) all α such that a1a2 = 0;
(e) all α such that a2 is rational.

(11) Let V be the (real) vector space of all functions f from R to R. Which of
the following sets of functions are subspaces of V ?
(a) all f such that f(x2) = f(x)2;
(b) all f such that f(0) = f(1);
(c) all f such that f(3) = 1 + f(−5);
(d) all f such that f(−1) = 0;
(e) all f which are continuous.

(12) Let W1 and W2 be subspaces of a vector space V such that the set-theoretic
union of W1 and W2 is also a subspace. Prove that one of the spaces Wi is
contained in the other.

(13) Let W1 and W2 be subspaces of a vector space V such that W1 +W2 = V
and W1 ∩W2 = {0}. Prove that for each vector α in V there are unique
vectors α1 ∈W1 and α2 ∈W2 such that α = α1 + α2.


